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Abstract

We study optimal linear income taxation in a model with heteroge-
neous agents where earnings potentials are endogenously determined
through human capital accumulation. Agents differ in initial condi-
tions and ability to learn. Capital market imperfections prevent poor
agents to invest optimally in human capital. We show that optimal
linear tax rates on human capital are positive, even in absence of
redistributive preferences of the government. A more progressive tax
system has efficiency gains because credit constraints are relaxed. Nu-
merical calculations show that optimal linear tax rates are significantly
increased when capital market imperfections are present.
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1 Introduction

Friedman and Kuznets (1945) were among the first to recognize that human
capital is illiquid and makes bad collateral. Therefore, lenders provide funds
only to a very limited extent to finance these investments. Investments in
human capital may be sub-optimally low as a consequence. Credit markets
imperfections can have adverse effects on the distribution of income, economic
growth and community formation as some important papers of more recent
times suggest.

Intergenerational mobility of human capital is reduced if parents invest
sub-optimally in their children when they cannot borrow the funds to finance
their children’s education, see Becker and Tomes (1979, 1986) and Loury
(1981). Not only inequality may be increased but also economic activity can
be reduced if capital markets fail. If economic growth depends in one way
or another on the level of human capital an economy accumulates, credit
market imperfects may reduce the rate of economic growth, see e.g. Galor
and Zeira (1993) and Perotti (1993). Capital market market imperfections
can also contribute to segregation of communities. Poor households may not
be able to leave their (poor) communities as their life-time levels of human
capital are too low as a consequence of sub-optimal investments in human
capital. Local externalities, taxes, and feedbacks of human capital add to the
persistence of income inequality, see e.g. Bénabou (1996a, 1996b), Durlauf
(1996), and Fernandez and Rogerson (1996, 1998).

Empirical evidence on the importance of capital market imperfections is
based on the notion that when investments in human capital are constrained,
there should be a correlation between parental incomes and education of
children, see also Becker and Tomes (1979, 1986). This correlation is found
indeed, see for example Bishop (1977), Lazear (1983), Corcoran, Gordon,
Laren, and Solon (1992), Kane (1994), and the overview in Haveman and
Wolfe (1995). However, the correlation between parental incomes and chil-
dren’s education might not be the consequence of failing of credit markets,
but also numerous other factors such as the education of parents. After in-
strumenting for parental incomes to correct for this bias, Shea (2000) finds,
that parental incomes remain to exert an influence on children’s education in
the bottom quartile of the income distribution. Plug and Vijverberg (2000)
also find strong empirical support for the importance of credit constraints



after controlling for the endogeneity of parental incomes.!

Some papers suggest that redistributive policies are in general efficient if
capital markets fail, e.g. Bénabou (1996a, 1996b), Fernandez and Rogerson
(1996, 1998). The idea is that redistributive polices allow poor agents to
invest optimally in human capital. However, the intuition for this result is
less well understood. Redistribution generally distorts economic decisions.
As stressed by the traditional optimal taxation literature redistribution en-
tails efficiency losses, see e.g. Mirrlees (1971). In this paper we answer the
question why it is so that redistribution is beneficial even if it goes along
with efficiency losses.

In this paper we analyze optimal income taxation when credit constraints
are relevant. Many authors have analyzed the effects of taxation on learn-
ing decisions see, for example, Stokey and Rebelo (1995), Milesi-Feretti and
Roubini (1998), Jones, Manuelli and Rossi (1993, 1997) and Judd (1999).
However, none of these papers paid attention to the consequences of credit
constraints.? We augment the theory on optimal taxation of human capital
using a model in similar vain as the model in Eaton and Rosen (1980).

The first point of this paper is to show that even in the absence of re-
distributional concerns the optimal tax schedule is progressive when credit
constraints are binding. The intuition is that a more progressive tax system
redistributes incomes from the old (the rich) to the young (the poor). The
young face credit constraints so that these are relaxed by a more redistribu-
tive tax system and thereby increases investments in human capital.> The
latter causes a first-order welfare gain as the learning decisions were initially
distorted. The tax, on the other hand, initially causes only second-order wel-
fare losses, as there was no tax to begin with. Consequently, welfare can be
improved as the distortionary tax corrects for the initial non-tax distortion
in the capital market.

The second contribution of this paper is to add redistributional concerns
to show that the pursuit of equality of incomes yields more equality of op-

!This is not uncontroversial, however. Cameron and Heckman (1999) and Cameron
and Taber (2000) argue that borrowing constraints are not important.

2Nielsen and Sgrensen (1997) is one of the few papers to analyze optimal taxation in a
model with human capital accumulation and liquidity constraints. Notwithstanding that
they reach ambiguous conclusions. The reason is that they study fiscal taxation rather
than redistributive taxation.

3The linear tax schedule is a progressive one as the average tax rate increases with
income.



portunity. The latter is defined as the absence of credit market imperfections
so that everyone with sufficient ability is able to invest in human capital at
the same conditions. Both low income agents and high ability agents benefit
from a progressive tax schedule. Although, high ability agents are the poten-
tially high income earners, they suffer the most from the credit constraints,
ceteris paribus. Therefore, they reap the highest efficiency gains from a re-
distributive tax schedule. Bénabou (2000) analyzes the political economy
of redistributive policies in a model with human capital accumulation, het-
erogeneous agents, and credit constraints. He derives that redistributive
policies that lead to efficiency gains, that is, alleviation of credit constraints,
can receive a majority support. The results presented in this paper can be
interpreted as the welfare economics counterpart of Bénabou (2000).

The third contribution is that we provide quantitative evidence for the
importance of credit constraints for the setting of the optimal tax schedule.
Numerical calculations indicate that optimum income tax rates are signifi-
cantly higher when capital market imperfections are present compared with
optimum tax rates derived under perfect capital markets.

This paper is related to the existing literature in a number of ways. First,
Hubbard and Judd (1986) have found a similar result in a model without hu-
man capital formation. They numerically analyze the effects of tax policies
in a dynamic model where agents are liquidity constrained. They find that
taxing income progressively mitigates the adverse welfare effects of credit
market imperfections on savings. Second, the optimality of progressive taxa-
tion in a second-best world has been found as well in Eaton and Rosen (1980).
Uninsurable risks of investments in human capital gives rise to a non-tax dis-
tortion in the economy. Risk averse agents under-invest in human capital
from a social point of view as they require a risk-premium on their invest-
ments in human capital. Progressive income taxation is optimal because
agents are partially insured against the uncertain outcomes of investments
in human capital. Third, the typical second-best result of the optimality of
progressive taxation can also be related to the models of taxation in labor
markets with frictions, unions, or efficiency wages, see for example Boven-
berg and Van der Ploeg (1994), Pissarides (1998), and Sgrensen (1999). A
progressive tax schedule in these imperfect labor markets moderates wages
and improves employment or welfare.

This paper is organized as follows. Section 2 describes the model and
individual behavior, in Section 3 optimal fiscal policy is derived, Section 4
discusses some numerical examples and Section 5 concludes.
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2 Model

Consider a two-period life-cycle model of human capital formation. Wage
rates per unit of human capital and interest rates are taken as given.* A mass
of agents with unit measure lives for two periods. Agents are heterogeneous
with respect to ability to learn o and an endowment w that accrues to them
at the beginning of their lives. One may also view the endowment as a
parameter reflecting not only financial but also as a monetary short-cut for
the value of non-liquid assets such as the network of parents, or the presence
of collateral such as houses, that may reflect better access to the capital
market. Agents with a higher ability to learn are relatively more efficient in
the production of human capital. The higher is w, the more favorable are
initial conditions. The cumulative joint distribution of o and w is denoted
by F(a,w). F has supports [, 00) and [w, 00).

In the first period agents decide to allocate their time between working
and learning, in the second period they work fully and consume their savings
(if they have any savings). We abstract from an endogenous labor supply
decision.® Every agent has one unit of human capital at the beginning of its
life. A fraction z of total time in the the first period is spend on education,
the rest 1 — x is devoted to working, where the total time endowment is
normalized at unity. We assume that education requires, besides time, &
market goods per year of education. For simplicity, we do not allow for
substitution between time and goods invested in education.® Total human
capital A is a function ¢ of ability o and time z invested in education:

h'aw = ¢(O,/; xaw)a (1)

with @n, 0z > 0, Paa, Pze < 0, and ¢or = Pzo > 0. The subscript refers to
the argument of differentiation. There are positive, but diminishing returns
to ability and time invested in education. Agents with higher ability levels

4The partial equilibrium model can nevertheless be thought of as the steady state of a
small open economy in which perfect capital mobility fixes the real interest rate.

5Although the model becomes highly non-linear, we do not expect that qualitative
results change when labor supply is endogenous. We expect that effective labor supply
elasticities go up however. Jacobs (2001) analyzes optimal income taxation with endoge-
nous human capital and labor supply with perfect capital markets and finds that optimal
taxes should be lower since tax distortions are increased by an endogenous labor supply
decision.

6Qualitative effects are not affected by allowing for substitution between goods and
time invested in education.



are assumed to invest relatively more time and goods in human capital accu-
mulation as indicated by the positive cross-derivative. Diminishing returns
to investments in human capital ensure an interior solution with a constant
interest rate.

Income derived from working equals (1 — t)w(1 — ), where ¢ is the flat
labor income tax rate, and w stands for the wage rate. We restrict the
analysis to linear tax rates only in order to reduce the analytical complexities
involved. Perfectly equalizing differences in wage rates are assumed so that
wages per unit of human capital are equal.

The tax authority is unable to observe a and w so that individualized
lump-sum transfers are excluded. The non-observability of « is standard.
The non-observability of w is not: we assume that the endowment is not
subject to the income tax. The analysis is qualitatively not affected by this
assumption. Two reasons can be given for making this assumption. First,
parental incomes are usually already taxed before the children receive the
transfers and we do not model the role of parents explicitly. Second, as w
also reflects non-monetary means, it is hard, if not impossible, for the tax-
authority to tax these. Furthermore, the tax authority cannot distinguish
between income from raw labor and human capital. The latter is the analogue
to the non-observability of wage rates and hours worked. Consequently, taxes
on both human capital and labor are both equal to ¢.

Every agent might receive a non-individualized lump-sum income trans-
fer, or negative income tax, g, in both periods of its life. With positive
transfers g the tax-system is progressive since the average tax rate increases
with income. Goods invested in education xkz are non-tax deductible. Sav-
ings s equal total income minus first period consumption ¢; and the direct
costs of education kx. The consumption price is chosen as the numéraire.
Consumption is not taxed. The first period budget constraint is therefore
given by:

Claw + EZaw + Saw = (1 —t)w(l — 24y) +w + g, (2)

In the second period, income derived from accumulation of financial assets

is (1 4+ r)s where r is the constant real interest rate. Interest income is
untaxed.” All income from human and financial sources is used for second

"Taxes on savings encourage human capital formation because real interest costs are
lower, see Heckman (1976). We abstract from the analysis of optimal dual income tax-
ation where taxes on labor income and capital income are simultaneously optimized, see
e.g. Nielsen and Sgrensen (1997) for a model with homogeneous agents and dual income



period consumption c¢,. Hence, the second period budget constraint is:
Coaw = (1 — t)wheay + (1 4 1) Saw + ¢- (3)

We assume that second period consumption is always higher than first period
consumption. This is in conformity with reality. The consequence of this
assumption is that the lump-sum transfer affects first period consumption
more than second period consumption, so that a progressive tax-schedule,
entails redistribution from the old (the rich) to the young (the poor).

Agents with low initial incomes are subject to credit market imperfections.
The credit market fails because human capital cannot serve as collateral for
loans as individuals cannot sell claims on their future incomes to banks -
slavery is abandoned, see Friedman (1962). Moreover, the credit market is
likely to fail as well because of information asymmetries - causing problems
with moral hazard and adverse selection in credit markets. Credit market
imperfections can take various forms. For analytical tractability, the common
assumption is made that the credit market imperfection takes the form of a
non-negativity constraint on financial savings:®

Saw > 0. (4)

Finally, we do not allow for education subsidies or loans, as in Eaton and
Rosen (1980).° Of course, most governments give education subsidies and
loans on a large scale in most developed countries in order overcome problems
in imperfect capital markets. A priori there is no reason to exclude these as an
instrument. Nevertheless, we observe that, even in the presence of the highly
developed systems of education finance, there is empirical support for the
presence of liquidity constraints for the poor agents. We could therefore set
the level of subsidies at some prefixed level, that is insufficient to eliminate all
credit constraints, but this would not affect our main argument. Additionally,
our argument gains relevance in less developed countries where systems of

taxation. Bovenberg and Jacobs (2001) analyze optimal dual income taxation with het-
erogeneous agents in a comparable model without credit constraints. Eaton and Rosen
(1980) proceed in similar fashion.

8Tt requires a complex model to allow explicitly for uncertainty and asymmetric infor-
mation. See for example Stiglitz and Weiss (1981) for the analysis of credit rationing in
markets with imperfect information.

9See Bovenberg and Jacobs (2001) for an analysis of the simultaneous setting of optimal
taxes and education subsidies in a similar model as the one presented here.



education finance are not that well developed, and we can expect that credit
constraints impose large restrictions to agents to invest optimally in human
capital.

Moreover, Mincer (1962) and Heckman et al. (1998) suggest that a large
part of human capital formation can be attributed to on-the-job-training.
Since these training efforts are generally not verifiable, subsidies on on-the-
job training are hard to target efficiently due to the moral hazard and adverse
selection problems induced by non-verifiable efforts, see also Van Ewijk and
Tang (2000). Training subsidies may therefore not be so effective so as to
eliminate all credit constraints.

Utility u is a concave twice differentiable utility function with positive
but diminishing marginal utility of consumption in both periods:

u(clawa CQaw)a (5)

and Ue,, Uey > 0, Ueyeys Ueye, < 0, Ueyey = Ueye, > 0.

Agents maximize utility by choosing consumption c;, cp, and the optimal
amount of learning z, subject to their budget constraints, the production
function of human capital and the non-negativity constraint on savings. Since
the optimization problem is well-behaved, first order conditions are both
necessary and sufficient. Manipulation of the first order conditions gives the
Frisch demand equations (see also the appendix):

Claw = C1 [/\law: )\Qaw] y (6)

Coquw = C2 [)\law; )\Qaw] y (7)

)\law - (1 + T))\Zaw: Saw Z 07
)\law + Maw 2 (1 + T))\Zawa Saw < 0; (8)

with ¢, < 0, 10, = c2, > 0, where the subscript refers to the
argument of differentiation. A\; and As stand for marginal utility of income
in periods 1 and 2 respectively. u is the Lagrange multiplier associated with
the non-negativity constraint on savings. It is positive if the constraint is
binding, and equal to zero if the constraint is slack. In the last case, the
price of period 1 consumption relative to period 2 consumption is simply
equal to 1+r. If the non-negativity constraint is binding, the marginal value
of income in period one increases, so that the price of consumption in period
one relative to period two satisfies Ay + p > (1 4 r)Aq.
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Conditional demand for investment inputs z in the production of human
capital is written as:

_ [ Mew( —D)w + k)
Taw =T |y A —tw ] )

with % <0,R= %, since ¢" < 0. By virtue of the concavity of
the production function of human capital and the complementarity between
ability and z in the production of human capital we may sign dx/da > 0.
More talented agents learn more as their productivity of time invested in
human capital accumulation is higher (¢, > 0).

If the non-negativity constraint is slack, i.e. when A;/Ay = 1 + 7, the
optimal choice of inputs is not affected by initial conditions as a result of the
separation between optimal investment and consumption decisions. Conse-
quently, we may sign the partial 0z/0w = 0 if s > 0. Agents with an initial
endowment w > w’ = ¢, + kz¥, — (1 — )w(l — 2% ) — g are not credit
constrained in the first period. c¢*, and z" denote optimal first period con-
sumption and time devoted to human capital accumulation if savings are
positive. Time invested in human capital is thus equal for every agent with
the same ability « if agents are unconstrained, although w may differ.

Since binding credit constraints prevent agents to invest optimally in
human capital, we can establish that 0z/0w > 0 if s < 0. Agents have to
sacrifice future consumption for their investments in human capital. This
becomes increasingly more expensive in terms of utility as a consequence
of diminishing marginal utility. As such, the lower are initial incomes, the
higher is the relative price of future income, and the lower are investments
in human capital. From the definition of w? is clear that, either if agents
are very poor (low w) or have high ability (high «) and learn a lot, credit
constraints become more important.

Note further that taxes distort investments in human capital. A higher
tax rate decreases investments in human capital since total costs - foregone
earnings and goods invested - are less affected by changes in the tax rate,
than the returns, in the form of future earnings. If goods were not an input
in production of human capital, or were fully tax deductible, the tax rate
would have no effect on investments in human capital since costs and returns
are equally affected by the tax.'”

10 Alternatively, we could introduce a (similar) tax distortion on learning decisions by



3 Optimal taxation

3.1 Optimal taxation without redistribution

First, we show that optimal linear tax rates are positive even in the absence
of redistributive preferences and the use of lump-sum transfers. However,
these transfers are not age-dependent which is crucial for our exposition. To
that end we consider a model with a representative agent. There are two
instruments at the disposal of the government: the linear tax rate on labor
income t and the negative income tax g. The government collects taxes to
finance the negative income tax and a revenue requirement A.'» We assume
that the government can indeed borrow funds at real interest rate r to satisfy
the inter-temporal budget constraint. The reason is that the government has
a claim on all human capital stocks through the tax system as it is able
to enforce tax payments. Therefore it can circumvent the capital market
constraint that individuals face.
The government budget constraint reads as:

A+G =tH, (10)

where G = ¢g(2+7), and H(z) = w(1 —z) + we¢(x)/(1+r) stands for the life-
time value of human capital discounted at rate r. It’s analytically convenient
to work with H(z) as a measure for human capital (or labor income).

Note that 0H/0G = 0 if the agent is not constrained, since the invest-
ment decision is not affected by taxes. 0H/0G > 0 if the agent is liquidity
constrained, since a relative increase in first period income relaxes the credit
constraint, so that learning time increases. Due to the progressive tax sched-
ule, the government allows the agent to transfer resources from second period
to the first period of its life. Moreover, the lump-sum element has distor-
tionary effects as the relative price of current in terms of future consumption

(A1/A2) is affected by G.

employing a tax schedule where marginal rates on tax on second period income are higher
than marginal rates on first period income as in Nielsen and Sgrensen (1997). We could
also allow for endogenous labor supply in the second period so as to get a tax distortion on
learning through the utilization of human capital as in Eaton and Rosen (1980). If taxation
induces agents to work less, returns on investments human fall as the utilization rate of
human capital decreases. Both modifications complicate the analysis without altering the
main conclusions of this paper.

1Revenue requirements are not necessary for our exposition, but we follow common
practice here.
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Further, 0H/0t < 0.2 The tax rates ¢t and lump-sum transfers G are
chosen so as to maximize the indirect utility function of the representative
agent V(t,G) = u(c},ch), subject to the first order condition for optimal
learning and the government budget constraint. The Lagrangian is:

L=V+ntH—-G-A), (11)

where 7 is the Lagrange multiplier associated with the government budget
constraint. The first-order condition for the lump-sum element G is:

% =\ — + ta_H —
oG~ 1T TG T
where Roy’s lemma is used: 0V/0G = A;. From this follows that the
marginal costs of public funds (MCPF), defined as n/\, are larger than
unity since g—g > 0:

0, (12)

i 1

OH
A1 1 —t5a

> 1. (13)

If there were no credit constraints, we have g—g =0, and the MCPF equals

unity. The marginal costs of funds increase if human capital reacts more
sensitively to an increase in the lump-sum taxation, i.e. when g—g increases.
The reason is that credit constraints become more tight when the government
employs lump-sum element to generate revenues. The last expression reveals
that lump-sum finance is distortionary.

The first-order condition for the tax rate is given by:

oL oH
¥ =-Nw(l —z) — hwod(z) + nH + ntg =0, (14)

where Roy’s lemma gives: 0V /0t = —\jw(1l — ) — Aawe(z). We rewrite the
last expression:

12For low t, 0H/Ot may be positive for liquidity constrained agents, because there are
two opposing effects. First, there is the negative effect of taxation due to the tax distortion
on learning. Second, taxing income affects second period income relatively more than first
period income. Therefore, A1 /Ay decreases and learning time increases. At the optimum,
however, we must have that the negative effect on learning dominates the positive effect
and 0H /0t < 0. Otherwise, welfare could be increased by increasing ¢ which is inconsistent
with the notion of an optimum. See the appendix for the derivations of the comparative
statics.
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D — ) — dwe(z) = —MH(1 - q), (15)

where ¢ = (ﬁ — i—f) Xx > 0, and x = we(x)/H is the share of second period

income in total human capital. ¢ denotes the welfare loss due to the presence
of the liquidity constraint. ¢ is strictly non-negative, since with liquidity
constraints we have Ao/A; < 1/(1+7). Using the last result in the first-order
condition gives the optimal linear tax rate:

b1 (1 __ 1 + 1 ) , (16)
1—t ¢ MCPF MCPF
where ¢ = —%—f% > 0 is the uncompensated elasticity of life-time earnings
with respect to the tax rate. This expression has an intuitive interpretation.
First, the larger the elasticity of the labor income tax base with respect to
the tax rate, the lower should the optimal tax be, because taxation causes
efficiency losses.

Second, the first two terms in the brackets measure the costs of employing
the lump-sum element in revenue raising. 1 — 1/MCPF is positive due to
the fact that the MC'PF are larger than unity. The higher are the MCPF,
the more costly it is to raise revenues with the lump-sum element as credit
constraints become more tight. Therefore, the government relies more on the
tax rate to finance revenues accordingly.

Third, the last term measures the extent to which the credit constraint
calls for redistributive taxation. If credit constraints are more tight, ¢ in-
creases, so that the optimal tax rate on labor income increases. By increasing
the tax rate the government allows the agent to transfer future income to
the first period of its life.

The intuition for the fact that a progressive tax system is always optimal
if there are credit constraints is as follows. Since there is a non-tax distor-
tion (credit constraint) in the economy in the absence of taxation, it is always
optimal to reduce this distortion through G with the distortionary tax, be-
cause the latter initially only causes second order welfare losses, since there
was initially no tax, whereas the relaxation of the credit constraint causes a
first-order welfare gain since the learning decision was already distorted as a
consequence of the credit constraint.

If there are no credit constraints, the lump-sum element can be employed
in non-distortionary fashion and MCPF equals unity. ¢ is zero as well in

12



that case. Hence, in the absence of credit constraints, the optimal tax rate
on labor income is zero

Proposition 1 In the absence of redistributive motives, the optimal tax rate
1s strictly positive if credit constraints prevent agents to invest opti-
mally in human capital. The optimal tax rate t should be higher if:
i) the MCPF are higher, that is, when the transfer G is less suited
to raise revenues as this instrument aggravates credit constraints; ii)
credit constraints are more important, i.e. q is larger; iii) the uncom-
pensated elasticity of human capital € w.r.t. the tax rate is lower. If
credit constraints are not binding, the MCPF =1, and q = 0, so that
t=0.

3.2 Optimal taxation with redistribution

In this section we turn to the more general case of optimal income taxation
with heterogeneous agents so that redistributive motives of the government
explicitly enter through the social welfare function. The arguments derived
in the previous section can be applied in straightforward fashion to this case.
The appendix contains the derivation. The government budget constraint
now reads as:

A+G:t/ / HondF (0, ), (17)

where H(Zow) = w(l — Tow) + wo(a; Taw) /(1 + 7).
The tax rate ¢ and lump-sum transfers G are chosen so as to maximize a
social welfare function I' over individual utilities:

r:/ / W(Vo)dF(a,w), W >0, O <0, (18)

where V,, is the indirect utility function of the agents, subject to the first
order condition for optimal learning and the government budget constraint.
Different assumptions about W yield e.g. a Rawlsian objective function or an
utilitarian objective function (¥’ = 1), see also Atkinson and Stiglitz (1980).

From, the optimum condition for G we can derive the marginal costs of
public funds, which is now given by n/A, where A = [ [*° W'\dF is the
average of the marginal social valuation of income:

n 1
MCPF =< = 1
¢ A 1—f;°f;°tg—ng>

(19)

13



The interpretation of MCPF is the same as before. The lump-sum element
has costs in terms of revenue raising because credit constrained agents learn
less as G is increased. Therefore, G is distortionary finance.

To find an implicit expression for the optimal tax rate we define the
weighted average uncompensated elasticity of life-time earnings with respect

to the tax rate:
fgoo f:o sawHawdF
f;’ f;’ H,.,dF

where the weights are the income levels of the agents. Elasticities of agents
with higher income levels are weighted more because the average distortion
of taxation increases if agents have higher incomes.

Further, we introduce the distributional characteristic & that comprises
the distributional impact that human capital has on social welfare, see also
Atkinson and Stiglitz (1976):

([ [ (%) (2 o0

The term in brackets measures the normalized covariance of human capi-
tal and the marginal social valuation of income. H = f:o fwoo H,,dF(a,w)
stands for the average human capital, and A is the average social marginal
value of income. The distributional characteristic is positive: & > 0. The
reason is that ¥'\,, decreases if human capital earnings H,,, increase as a
consequence of diminishing marginal utility of income. i.e. it becomes so-
cially less efficient to redistribute resources to richer agents, given that the
social welfare function features diminishing marginal social welfare in utility
of the agents. Consequently, the term in brackets is negative.

If the government was not interested in redistribution, every agent has
the same marginal social value of income: W'\; = A, which yields the result
that £ = 0 in that case. The distributional characteristic increases if incomes
become more unevenly distributed, or if a greater weight is given to agents
at the lower end of the income distribution.

The optimal tax rate follows after manipulation of the first order condition

for ¢: -
L:1<€+(MCPF—1)+( q >>’ (22)

£ >0, (20)

1-¢t ¢ MCPF MCPF

where 1/MCPF = [ [ W'\ HdF/nH > 0 is the income weighted in-
verse of the MCPF. This term weights the welfare losses from employing

14



the lump-sum element with the levels of income. The more high income
earners, i.e. the agents with the high abilities, react to decreasing the lump-
sum element, the more the average inverse of MCPF falls, and vice versa.
(757) = [° [°W'A\igHdF /nH > 0 is the income weighted social welfare
loss associated with the capital market imperfection. The more the high
income earners suffer from the credit constraints, the higher the average
marginal social welfare loss is above the non-weighted average welfare loss.

Also this optimum tax formula has an intuitive interpretation. Again, the
optimal tax rate on labor income should be lower if the average compensated
elasticity of human capital with respect to the wage rate is higher as indicated
by &.

The first term, &, measures the extent to which the government wants
to redistribute incomes. The larger is the spread in incomes, and the more
concave is the social welfare function, the larger is the distributional char-
acteristic. Hence, the government sets a higher optimum tax if £ is larger.
The formula clearly shows the trade-off between equity (£) and efficiency (¢)
considerations.

The second term measures the distortionary aspects of using the lump-
sum element in raising revenues. The more distortionary lump-sum taxes
are, i.e. when the MCPF are higher above 1, the higher the government
should set the tax rate, in order to off-set the distortions associated with
the lump-sum element. Since the high ability agents suffer relatively more
from credit constraints, for given w, because they learn more, the average
inverse of the M CPF falls relatively more than the MCPF increases. This
makes that the distortionary impact of employing the lump-sum element in
revenue raising is increased. In other words, if more high-ability agents are
credit constrained, everything else equal, the government uses less lump-sum
finance and the optimum tax should be higher.

The third term measures the welfare costs of the capital market imper-
fections. The higher is the average welfare loss, the higher the government
should set the tax. A more progressive tax therefore alleviates credit con-
straints. Again, the marginal welfare loss, is aggravated if the relatively high
income earners (due to high ability) are also the ones suffering from credit
constraints. This makes that income weighted loss of credit constraints in-
creases more than the non-weighted welfare loss as credit constraints are
more severe.

If there is a strong correlation between initial income endowments and
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ability, which is the empirically plausible case, the distortionary effects of
credit constraints are lower. The reason is that ceteris paribus high ability
agents suffer the most from credit constraints. If these high ability agents are
also better endowed, the role of the capital market imperfections is reduced.
This results both in a decline in average M C'PF and a decline in the average
welfare loss due credit constraints. the last two terms in the tax formula.
Consequently, optimal tax rates could be lower if the correlation between
ability and endowments increases. However, a stronger correlation between
initial incomes and ability increases the distributional characteristic, so that
optimal tax rates increase on that account. If there were no distortions due
to capital market imperfections, a higher correlation between endowments
and abilities would of course result in higher optimum taxes as only the
distributional characteristic is affected.

If there is no income inequality (H equal for all agents), the government
places the same value of income on every agent, £ = 0. In that case, the wel-
fare weighted inverse of the M C' PF' coincides with the inverse of MCPF', and
the welfare weighted loss of the capital market imperfection equals g/MCPF
for all agents. In this case we have the formula that we obtained earlier in
the case of a representative agent, see equation (16).

If the capital market imperfection is absent, there are no income effects
of lump-sum transfers, so that MCPF = 1.13 Moreover, in that case, ¢ = 0

so that (ﬁ) = 0 and the optimal tax rate equals:

(23)

This is a familiar looking expression in linear taxation models showing the
trade-off between equity and efficiency, see e.g. Dixit and Sandmo (1977),
Atkinson and Stigitz (1980), or Tuomala (1985). The numerator gives the
normalized covariance of the marginal utility of income and earnings and the
denominator gives the average compensated elasticity. In contrast with the
case of a representative agent, the optimum tax remains to be positive even if
capital markets are perfect. The reason is that there is still income inequality

13Tt might seem surprising that in the last case the M CPF are unity even if taxation is
distortionary. There is, however, nothing intrinsically special to this case. In Atkinson’s
(1995) analysis where optimal linear taxation of income is analyzed in a model with en-
dogenous labor supply, and preferences are such that income effects are absent - as in our
analysis in the absence of credit constraints -, the M CPF are unity as well.
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due to differences in ability, so that the government wants to redistribute
incomes.

Proposition 2 In the presence of redistributive motives, the optimal tax
rate 1s strictly positive, whether credit constraints prevent agents so in-
vest optimally in human capital or not. The optimal tax rate t should
be higher if: i) the MCPF are higher, that is, when the transfer G is
less suited to raise revenues as this instrument aggravates credit con-
straints; ii) credit constraints are more severe, i.e. q is large; iii) the
average uncompensated elasticity £ of human capital w.r.t. the tax rate
is lower; iv) if the government attaches greater weight to income equal-
ity, so that & is higher. If credit constraints are not binding for all
agents we have that MCPF =1, and q = 0, so that the tax rate t is
determined only by the distributional characteristic & and the elasticity
£.

4 Numerical examples

This section considers some numerical examples of the optimal tax rates. The
main focus in our calculations is on effects of credit constraints on optimum
tax rates. The method employed here stems from Stern (1976). At forehand
must be noted that these results should be interpreted with caution since
there is a large number of (unknown) parameters involved.

We make two simplifying assumptions so as to solve the model analytically
for the consumers in the cases where capital market imperfections are either
present or absent, see the appendix.'* First, we assume that the tax code
is such that only in the first period a lump-sum transfer is given. This
assumption can be justified if the share of the second period transfer in total
second period income is low, which is not unreasonable. Second, the utility
function is logarithmic, i.e. with an elasticity of substitution equal to unity:

u(c1, c2) =Iney + Ine, (24)
The production function of human capital is assumed to be Cobb-Douglas:

oo, z) = APz, (25)

14This is done for computational convenience because the model may very easily become
very complex to solve numerically.
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where A > 0 is the exogenous productivity of learning. The Cobb-Douglas
function is used in almost the entire human capital literature, see e.g. Weiss
(1986) or Trostel (1993). @ is the elasticity of ability in learning and is
calibrated to give a realistic spread in learning time.

The social welfare function is a Samuelson-Bergson utility function with
a constant elasticity of inequality aversion v:

// Vll_; dF (o, w). (26)

If v = 0 the social welfare function is utilitarian, if v = oo the social welfare
function is Rawlsian, see also Atkinson and Stiglitz (1980).

The joint density of ability and endowment incomes is assumed to be
bivariate log-normal with means p,, p,, standard deviations o,, o,, and
correlation pg,:

(In o, Inw) ~ N[tta, o, Car Ows Paw)- (27)

The reason for assuming this distribution is that the income distribution is
approximately log-normal. In order to generate a log-normal income distri-
bution, abilities must be log-normally distributed.!® Initial endowments are
also likely to be drawn from a log-normal income distribution since parental
incomes are also approximately log-normally distributed. Moreover, the joint
normal distribution allows us to construct an artificial data-set in an easy
way: for each pair (a,w) we can compute the density f(«,w) by conditioning
w on «.'6

Each period is thought of lasting 30 years. The interest rate is set at
r = 5 which corresponds to approximately 5.4% per year. Wage rates per
unit of human capital w are harmlessly normalized at unity. Taxes are solely
redistributive because the government revenue requirement is set at A = 0.
The pure rate of time preference p is set at zero. The social welfare function
is utilitarian, so that v = 0.

Direct costs of education are set at k = .5 which is half of the wage rate.
Therefore, direct costs make up for 1/3 of total costs per year of education.

15 Alternatively, one may draw ability from a normal distribution and write the produc-
tion function for human capital as: ¢(a,z) = Aexpla]’z”.

16We constructed an artificial data-set based on 10x10=100 observations representing
the deciles for ability and initial income endowments.
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Boskin (1975) and Becker (1993) argue that direct costs make up for 1/4 of
total costs of education. We use a somewhat higher value here.!”

The elasticity of time in learning is set at v = .4. After reviewing the
literature extensively, Trostel (1993) sets this elasticity at .45. The elasticity
of ability is set at § = .5. If the elasticity of ability in the production
function for human capital is higher, investments in human capital rapidly
diverge between ability groups; varying other parameters often give corner
solutions which we want to avoid.

The other parameter for the the human capital technology (A) is cali-
brated so that the lowest 10 percentile ability agents spend 20% (6 years) in
the first period to learning and the highest 10 percentile ability agents spend
80% (24 years) of their time to learning. This results in A = 17.5.

The distribution parameters are set as follows. Following e.g. Mirrlees
(1971) and Stern (1976), and Tuomala (1990), the mean of the logarithm of
ability u, is equal to -1 which is a normalization. The standard deviation
of ability o, is assumed to follow the standard deviation of the income dis-
tribution which is roughly 0.4. The same standard deviation is assumed for
the initial endowments. The mean of the initial distribution is calibrated so
that 26% of the agents are constrained in the absence of taxes and trans-
fers. Shea (2000) finds that credit constraints are relevant for at least the
25% poorest agents. The correlation coefficient between endowments and
ability is set at .4. Kremer (1997) and Shea (2000) find that the correlation
between children’s educational attainment and parental educational attain-
ment is approximately .4. If parental education is a good proxy for initial
log endowments a correlation of .4 seems reasonable.

Optimal tax rates under perfect capital markets t“ and under credit mar-
ket imperfections ¢ are derived separately. The reason is that by doing so
one can judge the relative importance of credit market imperfections and the
implications for optimal policies. Table 1 shows optimal tax rates for differ-
ent distributional assumptions when the elasticity of the production function
«v is varied. Tax rates are derived for different means of initial income endow-
ments. The middle column gives the base-case. In the left column, initial
income endowments are lowered, whereas in the right column, they are in-

17 A reason to justify this value is that we ignored an endogenous labor supply decision
that might affect incentives to learn. If taxation reduces labor supply, returns on invest-
ments in human capital fall, so that taxation reduces the utilization rate of human capital.
By increasing the value of the direct cost parameter we potentially correct for a too low
impact of taxation on learning incentives due to ignored labor supply effects.
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Table 1: Optimal tax rates (%)

P = —2.5 Yo = —1.25 Py =0
0 t* t¢ t* t¢ t t¢
0.1 39.4 394 40.5 40.5 43.0 43.0
0.2 29.4 34.3 30.3 31.0 35.2 32.2
0.3 23.7 34.1 24.4 29.5 25.8 25.8
0.4 19.8 33.8 20.4 29.1 21.4 22.4
0.5 17.1 35.0 17.5 30.7 18.2 21.5
0.6 15.2 35.2 15.4 31.7 15.7 22.9
creased.
In the base case scenario where v = .4 and p, = —1.25, the optimal

tax rate equals 20.4%. Given the assumptions used, something similar as
Stern (1976) found in the case of endogenous labor supply was to be ex-
pected. Stern finds an optimal tax rate on labor income of 22.3% when the
elasticity of substitution between consumption and leisure equals .4. Tax
rates increase if the elasticity of learning time in production of human cap-
ital decreases. The reason is that taxes become less distortionary. Similar
reasoning holds for increasing the elasticity. With elasticities higher than .6,
highest ability agents get into corner solutions as they invest their maximum
time endowment in learning.

If the capital market is perfect, optimal tax rates are lower if mean en-
dowments are decreased. The reason is that there is less inequality. The
reverse holds for an increase in initial endowments. The changes in optimum
tax rates due to changes in endowments are small however. The reason is
twofold. Income endowments are not taxed, and endowments only constitute
a small fraction of life-time incomes.

If credit markets are imperfect, optimal tax rates are significantly higher
than under perfect capital markets. For the base-case the optimal tax rate
equals 29.1% which is almost half as high as with perfect capital markets.
If initial income endowments are lowered, the tax rate increases to 33.8%,
whereas if initial incomes are increased, the optimal tax rate almost equals
the tax rate under perfect capital markets (22.4%). The last finding implies
that for mean income endowments that are high enough, credit constraints
become non-binding.

Apparently, costs of imperfectly functioning capital markets are signifi-

20



Table 2: Optimal tax rates (%)

Mo = —2 o = —1 to =0

0 t t¢ t* ¢ t t¢

0.1 38.4 38.4 40.5 40.5 42.3 43.2
0.2 27.5 27.5 30.3 31.0 32.7 42.0
0.3 21.0 21.1 24.4 29.5 27.3 44.0
0.4 16.5 16.5 20.4 29.1 23.9 46.0
0.5 13.0 13.0 17.5 30.7 21.8 49.2
0.6 10.2 10.2 15.4 31.7 20.6 52.3

cant in terms of welfare compared to the welfare costs of taxation. This result
is reinforced when the elasticity of learning increases. The optimal tax rates
under perfect capital markets decrease because costs of taxation increase.
Under imperfect capital markets, the tax rate increases with the elasticity of
the learning function. The reason is that efficiency gains of taxation increase
as the marginal returns on human capital increase when the elasticity is
higher. Costs of taxation therefore increase less than the benefits of taxation
as the elasticity rises. Note also that the tax rate varies non-monotonically
with 7. A finding that is due to the fact that H is non-monotonically varying
with ~.18

Mean ability is changed in table 2. If mean ability is lowered, optimal
taxes under perfect capital markets are decreased from 20.4 to 16.5% (y = .4)
because the distribution of income becomes less unequal. The reverse holds
if ability increased: taxes increase from 20.4 to 23.9%. Changes in optimal
tax rates are relatively small when mean ability changes. Note, however,
that increases in ability are accompanied by significant increases in optimal
tax rates when there are credit constraints: from 29.1 to 46.0%. Increasing
ability make more agents suffer from credit constraints because they learn
more. Consequently, efficiency gains from redistributive taxation are high.
When ability is decreased the optimal tax rate is sufficient to remove all
credit constraints, so that it is equal to the tax rate under perfect capital
markets (16.5%).

The first column of table 3 shows optimal tax rates if the elasticity of
ability in the production function for human capital £ is changed. Under

18Stern (1976) found a similar non-monotonic pattern when varying the elasticity of
substitution between leisure and consumption in a model with endogenous labor supply.
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perfect capital markets the tax rate tends to zero. The reason is that income
inequality vanishes - see also proposition 1. An interesting feature is that the
optimal tax rate under imperfect capital markets remains largely constant
for a large range of parameter values. The optimal tax rate first declines and
then increases at high levels of the of the ability elasticity.

The second column gives the optimal tax rates when fixed costs of learn-
ing k are changed. When direct costs are lowered, costs of taxation fall, be-
cause taxation becomes less distortionary. Consequently, optimal tax rates
increase. This holds for both the tax rates under perfect and imperfect credit
markets. The optimal tax rate is almost 50% under perfect capital markets
when costs of education are small (k = 0.1).

In the third column the interest rate increases from 4 to 12% per year.
Higher interest rates reduce optimal investments in human capital. Hence,
credit constraints become less important. When the interest rate is 7% or
higher, tax rates under perfect and imperfect capital markets coincide as
credit constraints cease to be important.

The correlation between initial incomes and ability is varied in the fourth
column. Under perfect capital markets, optimal tax rates vary only little
with the correlation: there is only a difference of about 5 percentage points
in the tax rate when the correlation is increased from .1 to .9. One may
conclude that, although there might be a lot of skewness in initial conditions
— those with high talents are likely to have good backgrounds — the tax system
cannot alter this skewness via the taxes on human capital. The reason is
again twofold. First, most variation in the distribution of income is due to
education choices. Second, initial endowments are non-taxed. Optimal tax
rates remain almost constant as well under imperfect capital markets. The
optimal tax rates decline when correlations between ability and endowments
increase. In this case the distortionary costs of taxation increase because
credit constraints become less important. The reason is that increasing the
correlation relaxes credit constraints especially for the high ability agents,
who suffer most from capital market imperfections. Hence, the scope for
progressive taxes to correct capital market failures decreases. This increase in
the distortionary costs of taxation is apparently not off-set by increases social
benefits of taxation since there is more inequality with larger correlations
between endowments and ability.

In table 4 we have calculated optimal tax rates on human capital where
the government requires some revenues A. Every .18 point of revenue corre-
sponds to a 10% of total human capital income in the base case scenario. As
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Table 3: Optimal tax rates (%)

I} tv t€ K tv t¢ T tv t€ Paw tv t¢

A 28 338 .1 49.2 49.7| 3.32 22.8 411 1 18.6 30.0
210 75 310 .2 | 359 422 4.48 21.1 327 .2 19.2  29.7
31123 294 3| 284 36.8| 6.05 191 2351 .3 19.8 29.6
41 16.7 289 4| 23.7 325 8.17 171 171 | 4 204 29.1
D1 204 291 5204 29.1| 11.02 | 15.2 1521 .5 21.0 28.8
61235 305 6| 179 26.5| 1488 | 13.5 135 ]| .6 21.6 28.2
71262 313 .7 16.1 241 20.09 | 12.2 122 .7 22.2 27.6
1 284 324 | .8 147 223 | 2711 | 11.3 11.3 | .8 23.0 26.9
91304 329 .9 13.5 206 36.60| 10.6 10.6 | .9 23.8 26.9

Table 4: Optimal tax rates (%)

A tY t¢ v tv t¢

18 (10%) 214 32.5 0 20.4 29.1
36 (20%) 22.5 36.0 .99 28.9 32.9
54 (30%) 23.8 40.0 2 34.2 35.9
72 (40%) 25.3 44.8 3 37.8 38.2
90 (50%) 27.1 49.6 0 59.1 59.1

expected, optimal tax rates increase with A. However, with imperfect capi-
tal markets, increases in tax rates are much larger than with perfect capital
markets. The reason is that the poll subsidy is less suited to raise revenues
under imperfect capital markets. Therefore, the government relies more on
the distortionary tax to raise revenues if capital markets are imperfect.

Preferences of the social welfare function are changed in the last column of
table 4. The coefficient of relative inequality aversion v is increased. Interest-
ingly, at high enough levels of inequality aversion, i.e. with ‘Rawlsian’ social
preferences, optimal tax rates under perfect and imperfect capital markets
are equal. The reason is of course that a greater weight on equity induces
a more progressive tax-system, but alleviates credit constraints as well. At
high levels of inequality aversion no one is rationed and investments in human
capital are efficient.

A final remark with regard to the optimum tax rates under credit con-
straints can be made. Inspection of tables 2, 3, and 4 reveals that optimum
tax rates are quite similar - around 30% - when the elasticity of ability /3, the
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costs of education x, and the correlation between ability and endowments
Paw are changed. Moreover, even if there is almost no inequality due ability
differences, i.e. when (3 goes to zero, optimum tax rates are still around 30%.
These findings echo the Diamond and Mirrlees (1971) result that in an opti-
mal tax-system there should be production efficiency — given the availability
of sufficient instruments. In the current, second-best, setup instruments are
not sufficient to achieve production efficiency. Nevertheless, it seems that the
government corrects for the capital markets imperfection as much as possible.
Apparently, this is the case when optimum taxes are around 30%.

5 Conclusion

This paper augmented the theory of optimal income taxation by endogeniz-
ing earnings through investments in human capital. Special attention was
devoted to the presence of credit market imperfections that prevent (poor)
agents to invest optimally. It is shown analytically that the optimal tax
schedule is progressive even if redistributional concerns are absent. The rea-
son is that by means of redistribution of resources both from rich to poor
and from old to young, credit market imperfections are alleviated. By al-
lowing for redistributional motives, the case for a progressive tax-schedule is
strengthened. Notably, both agents with low and high ability gain from redis-
tribution. Low ability agents experience an equity gain. High ability agents
suffer more from imperfections on the credit market than low ability agents
because they learn more. They consequently experience efficiency gains as
their credit constraints are loosened by means of redistribution. These re-
sults are confirmed in numerical calculations of optimal tax rates on human
capital. The most important finding is that optimal taxes on human capital
are significantly increased when credit market imperfections are present.
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Appendix

Household optimization

Households maximize their utility function subject to the budget constraints
in both periods and the production function for human capital. The La-

grangian for the problem is given by - suppressing the agent’s indices o and
w:

L=ulcr,e)+M((1—tw(l—2)+w+g—Kkr —cL —s)
+ (1 = Ywe() + (1 +7)s + g — c2) — ps,
where A, Ao, and p denote the Lagrange multipliers of the first and the

second period budget constraint, and the non-negativity constraint on savings
respectively. First-order conditions (FOC’s) are given by:
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where we assumed implicitly that c;,co > 0. The first two FOC’s state that
marginal utility of consumption in both periods should equal their marginal
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value as reflected in shadow prices A\; and Ay. The third FOC that marginal
costs and benefits of learning must be equalized in an optimal solution. In
the fourth FOC and last FOC, the Kuhn-Tucker conditions are given for an
optimal choice of s, where either savings are 0 if the constraint is binding - the
marginal value of a relaxation of the constraint, as measured by u, is positive
- or savings are positive if the constraint is non-binding - the marginal value of
a relaxation of the constraint is zero, i.e. 4 = 0. The complementary slackness
condition, the last term, captures both these elements for an optimal choice.
The fifth FOC restates that the two budget constraints must hold as strict
equalities for an optimal choice.

We can rearrange the FOC to arrive at the marginal rate of inter-temporal
substitution in consumption:

e _ A

’U,C2 )\2

Inversion of this equation yields the Frisch demand equations given in the
text. The demand for inputs invested in education follows from inversion of:

A—twg'(.) _ M
(l—t)w—i—m_)\_gzl—i_r'

Derivation of partial derivatives 2 % and

x Ot ox 0G
w(l —z) +wo(a;z)/(1+ r) follows:

o (0 ) e (85 (raay) ) >

where we substituted the first order condition for learning. Since A{/Ag >
1+ r and k > 0 the first term in brackets is always larger than 1. Next we

need to determine the signs of ‘?;t” and ‘%

First, note that %—If = %—H@ and g—g = 929z  Eyom the definition for H =

Unconstrained consumers

The first-order condition for learning is:

(1= twog(a,z) = (1 +7)((1 —t)w + k).
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It is immediately clear that g—g = (. Linearizing the first-order condition
yields:

where & = dx/x and t = dt/(1 — t) denote relative changes in learning time
and the tax rate, 49 = —2¢" /¢’ > 0 is the elasticity of marginal productivity

of learning, and w, = (M) > 0 is the share of direct costs in total costs

of education. From the fact that Z/# < 0, follows that dz/dt < 0, and, hence,
oH

< 0.
ot

Constrained consumers
Here, the derivation is more complicated. The first-order condition for learn-
ing is given by:

(1 - Hwes(a,z) = -2 (w(l —t) + k).

c2

Combined with the two budget constraints the level of z is determined. Lin-
earizing the first order condition yields:

1 (6 — &) - 7
— (g — €1) = —€4¢T — Wy,
o 2 1 ol]
where o = 7(1‘111?1562%1)) is the inter-temporal elasticity of substitution in con-
C1 ()]

sumption, and ¢ = dc¢y/ci, and ¢ = dca/cy denote the relative changes in
consumption. Linearizing the first period budget constraint gives:

& = —nt — VT + Y17,

where v; = (1 —t)w(1—x)/c; is the share of first period labor income in total
income, v, = ((1 — t)w + k)x/c; is the share of outlays on education in first
period income, 7,1 = g/c; is the share of the lump-sum transfer in first period
income, and § = dg/g. Note that v + v, + 741 + 7w = 1, where 7, = w/c; is
the share of the transfer in first period consumption. The linearized second
period budget constraint is given by:

o = 29T — 1) + V420,

where €, = z¢'/¢ is the elasticity of the production function for human
capital, 75 = (1 — t)w¢(.)/cs is the share of second period income in second
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period consumption and 74, = g¢/cy denotes the share of the transfer in
second period consumption (2 + 742 = 1). Solving for Z gives:

5:—( Y1 — Yo + 0wy >E+ ( Vg1 = Vg2 >é

Y2Ep + OEpp + Va Y2Ep + OEpp + Va

> 0 in this case, since & > 0 due to
Yg1 — Vg2 > 0 because second perlod consumptlon is larger than first period
consumption. Therefore, 2 aG > 0. The sign of 7 is derived as follows. First
note that v; — v = 5, — (1 — 71). We assume that 71 — 79 + ow, > 0.
There is a positive effect of taxation on learning since the share of second
period income is higher than first period income, 7; < 2. The intuition
for this is effect is that the marginal value of second period income is more
affected by taxation, than the marginal value of first-period income. A;/Ag
decreases, and more time is spend on learning. We assume that the first
effect dominates the second effect, otherwise the problem is ill defined (both
taxation and the transfer exert a positive effect on learning). Consequently,

o1 < 0.

where G = §. It is clear that ‘%

Derivation optimal tax formula with heterogeneous agents

The first order conditions for the government are:

OH
- _ =
// (\II n+ntaG)dF 0,
//(\Il’——i—nH—i—nt%t)dF:O.

Use Roy’s lemma to establish that 2% = XA; and 2% = —\(w(l — z)) —
Xowe(c; z). The last expression can be rewritten so as to get:

oV w(a; x)
=\————-MH+ ) ix) = —-MH(1 -
It Ty 1H + Awe(o; ) 1H(1—q),
where x = w¢(a;z)/H is the share of second period income total income,
and ¢ = y (ﬁ i—f) > 0 measures the welfare loss due to the capital
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market imperfection. Substitution in the first order condition for G yields
the marginal costs of public funds (MCPF =n/ [° [* W'\ dF):

Ui

MCPF = = >
f; f;’ VN dF 1- f;" f;" t284F

Substitution of Roy’s lemma in the first-order condition for the optimal tax
rate gives:

=[S

! o0 o0 OO T/
—//\”1 dF+//HdF+//wdF
a Jw n a Jw a Jw n

Define the average weighted elasticity of life-time earnings w.r.t. the tax rate

as follows:
H HdF
g = f f H m > 0.
fg fg HdF

Further, define the normalized covariance between the marginal social value
of income A\ = ¥'\;and earnings H:

I S WNdF [ [ HAF — [ [ W'\ HdF
S5 [V NdR [ [ HAF
—cov[V'\y, H]

- [ [ WdF [Z (X HaF > 0.

3

Due to the concavity of utility and social welfare functions, the covariance is
negative so that the distributional characteristic £ > 0, see Dixit and Sandmo
(1977).
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Using these definitions, we can rewrite the expression for ¢:

Ol L L o
BRI i i
AH [ [ZUNHAF + (=) [ [ %HdF
T\H NH
.\ f; f;" ‘I’_T’“quF
H
AH — [ [*W'N\HIF (MCPF—1) [* [* %HdF
- N + i
g
H
_ —cov[V'\, H| N (MCPF —1) ( q )
N \H MCPF MCPF)’
where H = [ [* HoodF(,w), sro55 = Jo Jo %HdF/ﬁ > 0 is the
income weighted inverse of MCPF, and (37%57) = [ [° %quF/ﬁ >0

is the income weighted marginal social welfare loss associated with the capital
market imperfection. The optimal tax rate satisfies:

B (MCPF—1) 7 q
1——t__<ng MCPF +<MCPF>>'

Solution Cobb-Douglas case

~
—_

M)

The solution of the pair of endogenous variables (c1, ¢, z, s) for the unre-
stricted agents (s > 0) is (note that ¢ = G since g is set at 0 in the second
period):

1

Lt — ( vAa” )1‘7
14+7r)(1+k&/(1-1t)w) ’
= (= DwtwtG) - %(1 (1 = Bw + K)z,

N | =

ot =5 (1~ w+w+G)+ %(1 — (1= w + k)2,
& = L1+~ +w+G) + %(1 C )+ 1) (1 = B + K)a,
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where a superscript u denotes a solution in the unconstrained case. Further,
the solution (c1, co, x, s) for the constrained agents is:

4 ¥ (ﬂ—ﬂw+w+G>,

T 144 1—tw+k
s¢=0,

. (I-bw+w+G
¢l =

Y

147
cs=(1- t)onzﬂ(:cc)7,

where a superscript ¢ denotes a solution in the constrained case.
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