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A Second-order conditions

We derive first the second-order conditions of the household’s maximization problem when credit

constraints are slack and then when credit constraints are binding.

A.1 Slack credit constraint

We employ a two-step budgeting procedure to derive the second-order conditions. We assume

linear homogenous sub-utility in consumption u over ¢! and ¢? and we define the real price-index
. 2 +(1+T‘)Clw
for consumption p such that p = W

independent of n and w. In the remainder of this section we drop the indices n and w. Using

. Due to homogeneity the consumption price p is

the budget constraint
(Lt +e =1 —thnp(e)l+ (1+r) (- (1-s)etw+g)+yg, (1)
we can rewrite the individual maximization problem as an unconstrained maximization problem:

1}";%((1 —tnee)l+ (1 +7r)(—(1—-s)e+w+g)+g—pv(l). (2)

The first-order conditions are given by

(1—t)ng'(e)l — (1+7r)(1 —s) =0, (3)
(1 —t)ng(e) —o'()p = 0. (4)

Hence, the Hessian matrix with second-order derivatives is

(1—t)ng"l (1 —t)ng’
-ty o |



The first principal minor, (1 — t)n¢”l, is negative, because by assumption ¢” < 0. Therefore,

for the Hessian to be negative semi-definite, the second principal minor should be positive:

— (1= t)ne"W"p — ((1 - t)ng')* > 0. (6)
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By defining the elasticity of labor supply as € = (Uv,ggl) , and using the first-order condition

for labor supply as well as the assumed human capital production function ¢(e) = eB. we can
rewrite the above inequality as
B(l+e)<1. (7)

The second-order condition thus requires that the elasticity of labor supply and the elasticity of
human capital production function should be sufficiently small so as to avoid corner solutions.
In the second stage of the budgeting procedure, individuals maximize u(c!, c¢?) subject to the
constraint pu(ct,c?) = (1 +r)c! + ¢®. The associated second-order condition ujjugy — u2y > 0

is always satisfied since w is assumed to be strictly concave.

A.2 Binding credit constraint

With a binding credit constraint, savings are zero (a = 0). Hence, we can again obtain an uncon-

strained maximization problem upon substitution of budget constraints in the utility function:

Ig%i(u(—(l —s)et+w+g, (1 —t)noe)l+ g) — v(l). (8)

The first-order conditions are given by

— (1= $)wi() + ua()(1 — g (€)1 = 0, (9)
us(-)(1 — nd(e) — /(1) = 0. (10)

The Hessian matrix H with second-order partial derivatives is given by

(1—8)2u1y — 2u12(1 —t) (1 — s) ne'l —u12 (1 —s) (1 —t)ne
Fuga (1 — )ng'l)? +uz(1 — t)ngd”l  4ug(l — £)2n2¢¢l + us(1 — t)ng’

—u12(1 —t) (1 — s)ng
Fuga(1 — £)?n? ¢/l + ug(1 — t)ng!

A
Il

(1)
ugs (1= t)ng)* —v”

For the Hessian matrix to be negative semi-definite, the principal minors should switch signs.

The first principal minor
(1—5)2uy; — 2u1a(1 — ) (1 — s) ng'l + ugo (1- t)nqb'l)Q +uz(1 —t)ne"l <0, (12)

is negative since all terms of are negative under the assumptions that the consumption
utility function is concave in both arguments (u1; < 0, uge < 0), the human capital production

function is concave (¢” < 0), and consumption in two periods are complementary (ujy > 0).



The second principal minor should therefore be positive:

(1= 90w = 2u2(1 =€) (1 = ) 0/t +uzz (1= Ong1)* + (1 = )ng”t)  (13)
x (122 (1= tyne)” = o)
— (—u12(1 — ) (1 = 8) nep + uza (1l — £)*n ¢l + un(1 — 75)71(;5’)2 > 0.

" _1
Use the first-order conditions (@) and , the definition ¢ = (Z,Egg and the assumption

that ¢(e) = € to reformulate the above inequality as

(B-1) u B
(1-s)e e (1—s)e

5V 8
(1-— s)> —2u12u2(1 —3s)e + Zuzpun (1—s)e

U uy B—1
U1U22 + U22U (unul — 2u19 + u22172 + u2()> (14)

(1—s)e

> U%Q + (UQ

In deriving the second-order conditions, we assume that the utility function is linear homogenous

and we use the properties ujic; = —uj2c2 and ujac; = —ugocy to find:
—uly =0 15
uriuge — ujpy = 0. (15)

Using we can rewrite as

6(1+€)_1<_u22u1(12—3)e <1+ (1—,8)8+26> _ull(l—s)e+2u12(1—s)e(1+6)'
us I5; U1 U2
(16)

Because ugy < 0, u3; < 0 and 8 —1 < 0, the right-hand-side of equation is always positive.
Consequently,
B(l4+e) <1 (17)

is sufficient for to be fulfilled. Therefore, (1 + ) < 1 is the sufficient second-order con-
dition for the households’ maximization problem for both the cases of slack and binding credit

constraints.

B Derivation Slutsky equations

In calculating the optimal-tax formulae we employ the Slutsky equations. We derive the Slutsky
equations where a uniform income compensation is given in both periods, that is, by a higher
lump-sum transfer g, so as to keep utility constant. Totally differentiating utility and the

household budget constraints in both periods gives:

AUy, = ul,nwdc,lw + u2,nwdcq2—bw - Ul,nwdlnw =0, (18)
del = —(1— s)depy + dw + dg — day, + enwds, (19)
de?, = (1 = t)nlpwdl, denw + (1 — )nénwdlng — nlpwdnedt + (1 + r)dan, + dg. (20)



Substitution of and in yields:

dU = (UQ,mu(l - t)nlnw¢;1w - (1 - S)ul,nw)denw + ul,nwdw + ul,nwdg + (UQ,mu(l + T) - ul,nw) danw

=0 =0

(21)

+ ul,nweds + (u2,nw(1 - t)n¢nw - vl,nw)dlnw - u?,nwnlnw(bnwdt + u2,nwdg

=0

= u2,nwnlnw¢nwdt + Ul,nwdw + (Ul,nw + U2,nw)dg + Ul,nwenwds =0.

By the envelope theorem the terms de,, and dl,, drop out via the first-order conditions for
labor supply (eq. 10 in paper) and education (eq. 9 in paper). The term for da,,, drops out both
in the case where credit constraints are binding (da,, = 0) and where it is slack, via first-order
condition (eq. 7 in paper). If the utility-compensation is given in both periods by a higher
transfer g, the Slutsky equations are thus given by:

Olnw Ol Unnw Ol

l —_— 22
ot ot Ul nw + u?,nwn mesPrus 89 ’ ( )
Oeny aeﬁw U2, nw Oeny
- - 7 l -, 23
815 C{%' u1,nw + U27nw " nw{z)nw ag ( )
ol ol¢ ol
nw — nw + Ul,nw €nw nw ’ (24)
0s 0s UL e + U2 new dg
Oenw _ Oes ., U, nw e Oenw (25)
0s 0s Ul nw + U2 nw dg

C Compensated elasticities

This appendix derives the compensated elasticities in our model. First, we derive some properties
of the assumed homothetic utility function, which will be exploited later on. Second, we derive
the elasticities when capital markets are perfect. Third, we derive the elasticities when capital
markets are imperfect. We log-linearize the model around an initial equilibrium and we use a
tilde to denote relative changes of variables, e.g. Z = dx/x, except for the tax and subsidy rates,
whose relative changes are expressed as £ = dt/(1 —t) and § = ds/(1 — s). In the remainder of

this section on the elasticities we will suppress the subscripts n and w.

C.1 Homothetic utility function

Throughout we assume that sub-utility over consumption u(-) is homothetic and is a monotonic

transformation 2 of a linear homogeneous function U:

u(c', ) =Q U, A)], >o. (26)



U has the standard properties that it is homogeneous of degree one and its first derivatives are

homogeneous of degree zero:
ulcl + Z/[QC2 =U, Z/{ncl + U1262 =0, Z/{Qlcl + Z/{QQC2 =0. (27)

We define the share of first-period consumption ¢, the intertemporal elasticity of substitution

in consumption o, and the elasticity p of Q' as:

Y=

Uy et o (u21u)‘1 _Qu

— . 28
u Ul P="qy (28)

We log-linearize the marginal utilities u; and ug and using , we find:

iy = (— ( ; %) - pﬂ) &+ ((1;19) +p(1 - 0)) &, (29)

Ty = <i - p??) &+ <—i +p(1 - 19)) &, (30)

And, from this follows that:

1
Uy — Ty = ;(52 —é&h. (31)

C.2 Elasticities perfect capital markets

This subsection derives the compensated elasticities when capital markets are perfect. In par-

ticular, we log-linearize the following equations around an initial equilibrium:

U =u(c, ?) —v(l), (32)
us(1 —t)ned(e) = v'(1), (33)
(= tnid'le) 1’5)11?/(6) =1+, (34)

2 (35)
U2

First, log-linearizing the utility function at constant utility (i.e. dU = 0) yields:

1
cuy . "
cl+02

c2uy c2

(36)

Substitute the first-order condition for labor supply to find the linearized utility function:

1—9)-
et + (1 —0)& = (1 =) , (37)
1
where p = O%jmzﬁl > 0. Second, the first-order condition for labor supply is linearized to
find: " o
Z:sﬁé+s<+pﬂ> 51+6(——|—p(1—19)> & —et, (38)
o o



where ¢ = (Iv”/v')”" > 0. Third, linearizing the first-order condition for human capital invest-

ment yields:
(1-pBe=1—1+3, (39)

where 1 — 3 = —e¢”/¢' > 0. Fourth, linearizing the first-order condition for consumption (35

gives:

1
Uy — iy = — (& — &) =0. (40)
ag

Equations , , , and form a set of 4 equations in the relative changes of the
4 endogenous variables, which can be solved analytically. From follows that & = & so
that the relative change in education and labor supply can be solved as functions of the relative

changes in policy parameters:

(55m)  (ch-a)® (11)

=~ (me) ™ (e) ® (42

where £ = e[14¢(1 — p)(1 —w)/u]~" is the compensated labor-supply elasticity with respect

]

to the wage rate. Consequently, we find the following elasticities that enter the optimal-tax

expressions:
£ &p
= — s = ————— , 4
T gre) " tTiopire " 43)
1+ €& 1
et — ) es — . 44
T e e R T s (44)

C.3 Imperfect capital markets

The system of equations to be linearized with imperfect capital markets is different. In particular,

it is now given by

U = u(ch, ¢®) —v(l), (45)
us(1 —t)nd(e) = v'(1), (46)
(1 — t)nl¢/(e) _ ﬂ7 (47)
1—s u9
at+a,=wHg+a,—(1—se—c =0. (48)

Note that the last equation is the credit constraint, which needs to be satisfied in this case.
First, since the utility constraint and the first-order condition for labor supply are the
same as with perfect capital markets, log-linearizing the utility function at constant utility
(i.e. dU = 0) and first-order condition for labor supply yields the same results:

1-9)

=1 _ 52:( 7
9& + (1 — 1) L (49)

[zsﬁé—i—&(i—i—pﬁ) 51+€<—i+p(1—19)> & — et (50)



Second, linearizing the first-order condition for human capital yields:
F=to(5-1+1-(1-p)e). (51)
Third, linearizing the credit constraint (at da = 0) gives:
Se(5— &)+ 0,9 = ¢, (52)

where d. = (1 — s)e/c! and §, = g/c1 are share parameters of educational investment (1 — s)e
and transfers g in first-period net income ¢! = w + g + a, — (1 — s)e. Therefore, equations ,
, , and form a system of 4 equations in the relative changes of the 4 unknowns. We
will solve the model only for the special case in which utility wu(-) is linearly homogeneous, i.e.
p = 0. The relative changes in education and labor supply can be written as functions of the

relative changes in the policy parameters:

i Phe(1 —39) + ¢ (9 — 5) oe(B+9(1 - B)) Py [1/19519+¢(5e — o) e(B+9(1 - B))
(e(B+9(1 = B)) — vb(1 +e0)) (e(B+U(1 = pB)) — vb(1 +e0))

(53)
e(B+9(1 = B))dy -
o=~ e
s (+ed) POe(1 —9) + 4 (9 — 5) oe(B+9(1 - B)) p_ -9 (54)
e(B+9(1-p)) (B +9(1 = B)) - ¥b(1 +9)) e(B+9(1-p))

(1+¢v) [(w9519+¢(5e — o) e(B+ (1 —B)))} - et 5

eB+01-0)) L ((B+9(Q—p))—yb(1+ed)) e(B+9(1-5))
(1+¢e9) [ e(B+9(1 - B))vd, ] p

e(B+I(1=08)) LeB+I(1=p5))—vo(l+ed) |~

-1
where ¢ = ((1;719) + 5+ 190) >0 and 0 = %ﬂ —1Yo(1 — ) — 6. Therefore, the elasticities of
this model are given by:

CYhe(1 =)+ (9 — 5) oe(B+9(1 - B))

TS T B0 B) Bt e0)) (55)
L _ (0629 + 9 (e — Do) (B + 9(1 — B))) (56)
BT B9 B) — wb(1 +ev)

L (+ev) (1 —0) +1 (9 — §) oe(B+9(1 - B)) L (=9 (57)
T (B0 B)) (e(B+9(1 — B)) — ¥0(1 + V) e(B+0(1—-p)
o (1+e0) [(w960+¢(5e—190)5(64—19(1—5)))] et (58)

“TeB+I1-8) [ (e(B+0(1 - B)) — w1+ ) e(B+9(1-B))

Clearly, under credit constraints we cannot establish that ;3 = Bej;;. Consequently, the efficiency

result of Bovenberg and Jacobs (2005) cannot be found with credit constraints.
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