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Abstract

This note discusses an extension of our paper “Redistribution and Education Subsidies
are Siamese Twins” where allow for non-pecuniary (effort) costs of education invested
in human capital, besides, material costs. In contrast to the paper we allow for substi-
tution between effort costs and resources invested in education. To do so, we analyze
a two-input version of our model with non-linear income taxes and subsidies, similar
to the two-input model with non-verifiable learning in the linear case. We derive op-
timal non-linear education subsidies and show that these are the product of earlier
derivations in sections 3 and 5 of the paper.

1 Individual optimization

For notation we refer to the paper. The costs of y,, now directly enter the utility function
rather than the budget constraint. Utility is given by

U,(Cn, lna yn) =Cp — U(lna yn) (1)

with v (.),v,(.) > 0, vy(.),vy(.) > 0, and v, (.) 2 0. We stick to the Diamond type of
preferences without income effects but assume a sub-utility function v(.) over labor supply
I, and efforts invested in education ,,.!

The budget constraint is modified as

Cp = nln¢(¢<xna yn)) - T(nln¢($m yﬂ)) — Py + S(pinn)‘ (2>

Whereas x,, is verifiable and can be subsidized, y, is non verifiable and thus cannot be
subsidized. The first-order conditions for labor supply /,, and investments in human capital
x, and y, are?

V(lny yn) = (1 — T,(>>n¢(¢(xm Yn)), (3)
(1 - T/(Zn))nlngblqva(xm yn) = (1 - S/(pa:xn))va (4)
(1—- T/(Zn))nln¢/¢y($n> Yn) = Vy(ln; Yn)- (5)

!The extension to substitution between material and immaterial benefits is straightforward.
2We assume that the first-order conditions are necessary and sufficient so that second-order conditions
are satisfied.



2 Government

The incentive compatibility constraints are modified to allow for the extra term in the utility
function:

z
U Cnalmyn =Uu (Cnv—nayn) =U Cns Zns Tpy Yn, 1) 6
(Cos b o) IENN ( ) o)
We again have a differential equation for the utilities (after applying the envelope theorem)
du, [
— == n ln n
dn n 'Ll,l(C ybn, Y )7 (7)

while the economy’s resource constraint is modified to

/n (nd(xpn, Y )l — prtn — cn — E) dF (n) = 0. (8)

The corresponding Hamiltonian for maximizing social welfare is given by

max H = qj(“ﬂ)f(”) +9n%ul(0m I yn) +A (n¢<¢ (-Tna yn))ln — Pzln — Cp — E) f(n> (9)

{xn 7ln7un}

3 Optimal education subsidies

The first-order condition for maximizing the Hamiltonian with respect to x,, is given by:

OH : () B | dn
Iy den o
— . - : Ay - 1
Hnn <U1c<) d,, al ly() dzx, u,l) ’ ( 0)

This equation can be simplified in a number of steps. First of all, we have u, = 0 due to
the Diamond preferences. Second, we can differentiate the household budget constraint to

den | = (1—=T"(2,))nlnd (en)0y(.) ZILZ

arrive at: i
Ln

. After substituting these results we find
@l
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) f(n) = _eng <uly(') E
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We can simplify the last expression further using the first-order conditions for household opti-
mization with respect to z,, and y,, (see (4) and (5)) to eliminate ¢'(e,,),(.) and ¢'(ey )y (.),

respectively. We also use v, = —uy,(.) from the definition of w,:
T — S\ p. N T’ dyn | On/X Ly() dy,
1-T7" ) v,() (1-T") duz, ﬁ,l__ fn vy () dan|y;
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Next, we employ the first-order conditions for z,, (4) and y,, (5) 0l = T

and multiply all terms with i—: and simplify:

( T -5 ) ﬁiﬂx() N T’ Tn dyn _ N lnvly(.)ﬂ dy,
(L=T)YA=9)) yaty(.) (A =T)yp donlz;  fRIn vy() Yn doaly;

Hence, we obtain

T -5 n T 0,/ 1, )
o 4 Eye = / Uiy ( )€y$7 (11)
1-™@a-5)1-a, (1-=T) f(n)n vy(.)
where we defined ¢, = ‘;—" gmﬂ _and used «,, = w”;p(t))m ~  the share of material inputs in
n ATn g :

education. Homogeneity of ¢(.) implies that 1 — a,, = %

We derive ¢, as follows. Combining the first-order condition for labor supply /,, (3) and
inputs y, (5) invested in education, we find

d)(w(fﬁmyn)) . Ul(lmyn) (12)

ln¢/(€n)1/1y<xn, yn) Uy<ln7 yn) .
Loglinearizing (12) this, we establish

¢/¢ P ~ -
¢ ——Yn — & —Un — Yy = Only — VnUn, (13)
where §,, = ”lj)f" — ”lj‘yl" and v, = Uyg;’" — % Next, we use the properties of the homothetic

production function for human capital ¢ (¢V(z,,y,)) = (@/J(mn,yn))ﬁ , where ¢ is a linear

homogenous function with elasticity of substitution o, = dIn ( £z ) /dIn (WE ;)
o= — - gn _ wzwy
¢x - 1/}y Zﬁ%y
Yalln
a, = ,
(G

¢n = anwz + (1 - O‘n)d)y»
an/)a:w = _ynd]xya
ynwyy = _mnwacya

Therefore, we find wy = y:ﬁ” yn—i-wz’“ Ty = %i’f (T —Tn) = i—:(in—g]n). Note that parameters
a, and o, depend on n, due to the utility function and the non-linearity of the subsidy
schedule. This contrasts with section 2 of the paper with only monetary inputs and linear
tax and subsidy instruments.

Substitution of these results into (13) yields:

anfin + (1 - an) Yn l - (jn - gn) = 6ni_ P)/ng (14)

n



For the first-order condition for the optimal non-linear subsidy we need the elasticity of
Y, with respect to x,, at constant labor supply, i.e., [,, = 0. Hence, from the equation (14),
we find that the elasticity ¢,; is given by

gn O (1 B 011)
£ [|~ 0= = = . (15)
=0 = 7~ i—o 1H+mon—(1—a,)(1—0y,)
Substitute e,, = 5 +yna:f((11:Z:§(1fan) in (11) to arrive at the the final expression for the

optimal education subsidy

S (pexn) — T'(2n) _ ( (1—ay) (1 —0m) ) < T'(.) B O,/ X Loy ())
(1 - T,(Zn))(l - S,(p:vxn)) 1+ oy — (1 - an) (1 - Un) '

1—7()  fmn o,()
(16)

where v, = <”yyy" — vlyy”) — OIn(vy/v) 2 0.

vy vy ol
Clearly, the expression for optimal subsidies (16) is just the product of the results in
Section 3 of the paper and Section 5, see equations (81) and (41) in the paper, where the
first term in brackets corresponds to (81) and the second term in brackets to (41). Indeed
with zero substitution (0 = 0) we find that ; +an($;f€1)—(1o:)r?1)—an) = i — 1 = w,. The only
difference between (81) and the first term in brackets is the presence of ¢,,7,. If preferences
are separable, vy, (.) =0, and v, = % > 0, the absolute value of the optimal subsidy wedge

on verifiable learning S" — 7" is smaller than with material costs of non-verifiable learning
(ceteris paribus). The intuition is that subsidies on z,, become less effective to stimulate vy,
because the marginal costs of educational effort rise with y,. Only if v, = % =0, i.e,
if marginal costs of effort invested in education are constant (v,, = 0), do we find the same
term as in (81).



